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Addressing QCD thermodynamics (N = 2)

@ QCD phase structure

© Spontaneous chiral symmetry breaking
© Confinement

@ Joining the NJL model and the Polyakov loop model

© Introduction
@ NJL-model
@ Polyakov-loop model
@ Implementing cross-talk between the models

@ NJL-model + Polyakov-loop model O PNJL model
@ An ansatz beyond mean field theory

© Numeric results
o Equation of state — Comparison with lattice data
@ The Polyakov loop (®) and its complex conjugate (™)
@ The phase diagram (including diquarks)
@ Isovectorial susceptibilities m
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NJL model

Lot = (P —mo) ¥ — g (V7" Aat) (Dyudat)

@ Free quarks @ Local colour current interaction
@ Integrated out gluons @ Chiral symmetry
O Local SU(3). QPN Global SU(3). O No confinement in NJL

Spontaneous chiral symmetry breaking

@ Hartree-Fock approximation (Fierz-transformation: H = %G)

L=F[p-mo]y+5 [’ + 3 (FinsmAeCiT) (47 Cinsmarot)

@ Bosonization in channels with large 4-quark coupling

|A| - / d*p S~1(wn, P)
v = ze TR T2 Z z1rlog —
0 o=G (y¢) D A=H W Civs2A20)
O s1_ < P —(mo—0a)+ou AvsTaA2 >
—A*y5T2A2 p— (Mo —0o)—ou ) U
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Polyakov loop model

@ Model for SU(3).-gauge theory O Confinement
0 1%-order O Spontaneous breakdown of Z(3)-center of SU(3).

Order parameter for de-confinement — Polyakov loop

@ Polyakov loop ¢(X) is a normalized time-like Wilson-line
B
(X) = NitrcL(z) L(X) = P exp { i / dr A3(X) ta}
c 0

O (®) =0 < confinement 0O ($)#0 < deconfinement

@ Define a Ginzburg-Landau effective potential
a

A2t
U=U(, o*T) Withd>—,\:|LTrexp{i %a} andac {3,8}
Cc

/ch/m*efu@ﬁ*ﬁ) — /:DA o Ser(®(A), 6" (A)T)

o Effective loop coupling o« ®*® [0 Sei = —3b, (T) ¢*¢ T
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Polyakov loop model adjusted to lattice QCD data

Ansatz for the Polyakov loop potential (K. Fukushima [Fuk04])
U(d, d*,T)
#

IJ(@,07) =1- 600+ 4 (021 0%) —3(¢" )’

by (T )_b4(TT°> ba(T) = a + ay (TT>+ 2<TT°)

@ Temperature dependent effective coupling strength b, = b, (T)
@ Log-term generated by the integration over the SU(3). measure
@ 1St-order Transition at To = 270 MeV in pure gauge lattice QCD

sz( ) 5+ %m (T) log [3(, &*)]

1 . ®
Eos ] 4
=06 8

13
04 — Dpin, 2
95 02 Ueﬂfmin. 1
3 Lattice data
0
0 05 1 15 2 25 3 0 02 04 06 08 1 0
T/, ¢

G. Boyd et. al. [B"96], O. Kaczmarek et. al. [KKPZ02, KZ05]
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Polyakov loop extended NJL (PNJL)

@ Substitute the Matsubara frequencies wp by wn + Ay

O Formal substitution 1 — p — iA4 after Matsubara summation
O Analogy to the QCD gauge coupling

Qe = Qnad| + U (P, 0", T)

p— p—ifg

From NJL to PNJL

@ In SU(3).-gauge theory: T, = 270 MeV

O InNJL: T, = 177 MeV O InPNJL: T, = 215MeV
Tcep & 38MeV Tcep =~ 135MeV

@ Lattice: T, ~ 202MeV 0. Kaczmarek et. al. [KZ05]

"Confinement” in the PNJL model:

[0 Thermodynamic suppression of free quarks by the Polyakov loop

@ At (®) =0 (<= "confinement”) PNJL models a gas with particle
mass m = 3M ~ My
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Constraints imposed by MF approach

@ Minimal substitution: wn — wn + As

0 Inverse propagator S=1(u — u — iA4) is not hermitian
[0 The fermion determinant is a complex quantity

[0 Weights are not positive definite ( O "sign problem”)

@ Integrating out all fields:
[0 Partition function Z € R despite complex weights

MF: One field configuration carries all weight
[0 Subtle cancellation of imaginary parts in Z is disturbed
? Interpretation of Z and thermodynamic potential 2

Idea: Do not discard the integral over bosonic field configurations
[J Conserve the cancellation of imaginary parts in Z and Q T
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Gaussian approximation

A: Truncate the bosonized action Sy at 2" order in the fields
V 1
Shos. & Strunc. = f (WO +w €+ Ef T W2 f)

B: Treat higher orders as perturbations S; = Spes. — Strunc.
C: Choose the field configuration to expand about
@ Maximal convergence of the perturbative series
[ Expand about the configuration where |e~Smne. | = max.
[ 2Relye =0 [ Self consistency equations
d€{0,0,43,08}
@ Expansion about the minimum after SSB 0 Corrections to MF

Diagrams are systematically ordered. ..

@ ... by the thermodynamic expansion « (T /V)*

@ ...by the number of source term insertions ¢”,
where § is defined as § = —i [wz]_l “wy
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The pressure and its moments

Pressure and ¢, S. R., C. Ratti, W. Weise [RRWO07]

= lattice SB-limit 1 SB-limit ——|
3/| — PNJL 0.8
4 0.6
PT" 2 e 0.4 o lattice
1 — PNJL
0.2
0 0
05075 1 12515 1.75 2 05075 1 12515175 2
TC [
@ Lattice data: @ Lattice data:
F. Karsch et. al. [KLPOO] C. R. Allton et. al. [AT05]
p p p = [L\P
() = P, i Sem ()
W) = 33l ~ Tk F; o(T) (7
110 iy
=0 =—s—rb
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The pressure difference and its moments

c4 and cg, S. R., C. Ratti, W. Weise [RRWO07]

The fourth moment c4 The sixth moment cg

0.25 01
0.2 o lattice ' o lattice
015 — PNJL 0.05 — PNJL
C C Lol
N 0.1 6 0 I -,r.,.,M
0.05 -0.05
0 SB-limit ~0.1
05075 1 12515175 2 06 08 1 12 14 16
/T T/T,

@ Lattice data from the Bielefeld-Swansea coll. [A105]
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Expectation values of the Polyakov loop (®) and ($*)

(P)+ (@)

2
0.6+ (@ )2—(<l>> % 25

0.4} p =150 MeV

0.2}
0 ]
0 0.1 0.2 0.3 0.1 0.15 0.2
T/GeV T/GeV
In mean field MF + corrections
@ (O)yr = (P")ye @ (¢) e Rand (¢*) € R
@ No split of () and (®*) ’ @ (d) A (dYatu#£0 \

O Fluctuation effects beyond mean field produce () # ($*) U]
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The phase diagram
S. R., C. Ratti, W. Weise [RRWO07]

0.2¢

%0.15— chiral phase
2 01
— “'[| — cross-over
— 1% order
0051 — oM grger
A crit. pt.

0 01 02 03 04 05
u/ GeV

@ No back reaction of fluctuations on SSB included
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The phase diagram (in mean field)

S. R., C. Ratti, W. Weise [RRWO07]

%0.15 chiral phase
2 01
— “'[| — cross-over
— 1% order
0051 — oM grger
A crit. pt.

0 01 02 03 04 05

u/ GeV
@ The phase diagram is almost unaffected by the corrections
0 Phase structure is governed by non-perturbative SSB
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Introduction of a non-vanishing pion condensate [zLos]

Trading the diquark condensate for a pion condensate

Ly = (53 + Y0/t — Mo — |>\7571) Y+ [(Wﬁ) @Wsﬁ/f)z]
ﬂ:;uH—uag Mg =mpl /\0:)\]1
@ no diquark coupling term [ pseudoscalar, isovector channel
= HpngL = —iv1 (@ V +7amo — ¢) ¥
+ 2 [(00)* + (insm)’] +1 (®,04,T)
[J The thermodynamic potential (Zhang and Liu [ZL06])'

Q=@ o T)+ 2 ” Z/ _Trlog ('T“’”’p)

51_< (iwn +i+u)0—7-p—M —isN )
—isN (iwn +i—p)o—7-p—M
— Ay M=mg—-2Go N=X-2Gr
o~ (YY) T (YT U
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The expansion of the pressure difference in isospin

ch, ¢} and c} — No isospin breaking: A =0

The coefficient c The coefficient ¢}, and cf,
1 SB-limit
0.12 0.025
V«Aﬁx
0.8 0.1 |

c 0

3

| 0.6 0.08 -0.025
Cs ' ¢ 0.06 0.8 1 1.2
0.4 o lattice 5 ezmie
0.04 SB-limit *
— PNJL
0.2 J

0.02

0

0
05075 1 125 15 1.75 2 05 075 1 125 15 1.75 2
T/Te T,

@ Lowest order corrections to MF included
O Fluctuations of the g = 0-mode included to lowest order
O No fluctutuations from mesonic q # 0-modes, yet ...

@ Lattice data from the Bielefeld-Swansea coll. [A1T05]
11 6%p 1 9%p 1_, p

| = il
©= T A outon? 6l outou? T

|
Ct =
21 T2 9p? °
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Conclusion

@ PNJL:
O Chiral symmetry breaking
[J Confinement
@ Corrections to mean field results

[0 Consistently fixes the fermion sign problem order by order
[J Base for further investigation on fluctuations

@ Numeric Results
O Astonishing agreement with QCD lattice data
00 (®) and (®*) are non-degenerate at x # 0
[0 Corrections to the phase diagram beyond MF are small
O Isovectorial susceptibilies from PNJL and lattice

@ Outlook

0 Effect of pionic fluctuations (q # 0) on isovector susceptibilities
O Improving the regularization scheme (Thomas Hell)
0 2 + 1 flavors
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Thank you for your attention
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Parameter fixing

NJL parameters

@ G =10.08 MeV @ m, = 140.5MeV
@ A =651MeV — o f; =94.0MeV
@ my = 5.5MeV o || = 251 Mev
Polyakov loop model parameters
ag = 3.51 a; = —2.47 a, =15.2 b4 =-1.75
SB-limit Aa; ~ 6% Aa, ~ 3% Abs =~ 2%

T
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Establishing Feynman rules

@ Separate free and perturbative parts:
o So=Y¥ (wo+ [+ 1€ W:E)
@ Note: Rew; = 0, Imw; # 0 for the P-loop parameters ¢3 g
° S = ¥Z§i3%w5k
@ Introduction to the diagrammatic
@ Graphs produced by the "free” part

—_ 8 s
9 98 0¢k
9 "Interaction” graphs
k
K j 9S I j o*s
T 050606 | I = T 06,06.06,06m
m
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Additional Feynman rules

Evaluation of expectation values of arbitrary functions

@ Introduction to the diagrammatic (cont'd)
@ Graphs needed to evaluate (f(¢£)) O Include exactly one circle

] of J ko 5%
h: _— : =
85,- aéjafk
. k .
k j 9% l J o
T 0008 | I 0§06 D& Om
m

@ Evaluation of (g(¢)?) — (g(¢))? O Include exactly two circles
0 Split graphs above into two parts, i.e. f — g2

2 _
9 (9)\9:% = 99
%9°0)|  =299®
=0\
dha*©), , =299%+29Wg" TUT
=0mr
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Formal ordering of the perturbative terms

© Thermodynamic expansion: « counts powers in %
o o(S)=—-1land o(Q2) =0
s }_1 3s

@ Source terms: 3 counts powers in >°, {W e

Orders evaluated in the numeric calculations: « =0and 3 =0, 1
@ Fractions give multiplicity factors

B 1T B 1 (0Que\" [02Que] ™" 0Que
2="0ur = 57 % "QMF_2<89) [892 0
0=0wr
B B oQue\ " [02Que] " of
<f> —f(eMF) + ¥%—0 — f(eMF) aF ( 90 ) |: 902 % )

1 1 1
<Ag2>:§><20—o +5 X4 0—0—K + 3 x2 }—w

@ Lowest order in o completely cancels [I Susceptibilities %

@ Additional factors from differentiation of g2(¢) (cutting one vertex
into two parts) T
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The critical endpoint and its quark mass dependence

An analysis in mean field approximation

0.17} o
\\\
3 |
~0.15} -?\
— \ .
0.14 | MainMeV
s

0.25 0.3 0.35 0.4
He | GeV

@ Diquark phase stabilizes the critical point at high temperatures
0 T is stabilized at mg 2 1 MeV
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Influence of the loop (®) on the diquark gap A

An analysis in mean field approximation (S. R., C. Ratti, W. Weise [RRWQ7])

‘I’\F 05
‘;o.s\i =03 ]
0 02 04 06 0.8
T/Te

@ The diquark gap is enlarged for (®) small (confinement)
@ (®) =1 (deconfinement) coincides with NJL case

@ Sensitive interplay of pairing quarks (at the Fermi surface) and
the thermodynamic suppression of quarks by the loop (®) in the
center of the Fermi sphere (E — ¢ S T)
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The temperature dependence of the chiral condensate

A comparison with lattice data in ny = 2

08

- 09 @ ) (T

0-6 } _—-:————_F—__b—— i
os G (T=0) |

0.4 ;
F 07

02F 0§35 085 1. ]
* /T,

O ;\ cooc b b b e b b by

0 025 05 0.75 1. 125 15 175

T/T,

@ Lattice data in n; = 2: Boyd et. al. [B*95]

@ Solid red line: PNJL-model calculation (S. R., C. Ratti, W. Weise
[RRWO07])
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The temperature dependence of the Polyakov loop

Pure gauge theory in comparison with ns = 2

08+ u=0
< * ¢
0.6 i
*
Dy A « pure gauge
— loop model
0.2 + lattice N¢=2
— PNJL N¢=2
0
08 1 12 14 16 1.8 2
T/T,

@ Lattice data: O. Kaczmarek et. al. [KZ05]
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The phase diagram
S. R., C. Ratti, W. Weise [RRWO07]

> 0.15 chiral phase
(2 0.1
- — Cross-over
— 1% order
0051 — 2 orger

A crit. pt.

0 01 02 03 04 05
u/GeV
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The phase diagram (in mean field)

S. R., C. Ratti, W. Weise [RRWO07]

0.2 0.2
= 0.15} chiralphase - 0.15
) [}
2 2 o1
= 0.1 —  cross-over ': :
— 1% order
0.05f| — 5 grger 0.05
A crit. pt.
0 : 0
0 01 02 03 04 05
u/GeV n/ GeV
0. 22— T N
0.14
0.2 mo =50 MeV .
> > 0.12 Pl_\lJL with
© 0.18 s diquarks
(O] (O] \
S~ = 0.1 \
r 0.16 . = PNJL . .
T .
3 e, 0.08 without N
0-14 mo = 5.5 MeV 4 p diquarks \\N‘\
0.12 L : 0.06 \ \
0 01 02 03 04 05 0.3 0.31 0.32 0.33 0.34 m
/ GeV wi GeV
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Non-vanishing isovector chemical potential

0 No explicit isospin symmetry breaking term: A = 0 (see also Zhang and Liu [ZL06])

Phase diagram in the The onset of the pion
(T,u")-plane condensation

0.25
>
Jo)
(2 —— loop cross over
~ 0.1 2"dorder
0.05 ---- 1%order
A critical point

01 02 03 04 05
i/ GeV

@ Atlow x' O 2" order phase transition

@ Atlarge ;' O 1% order transition

@ Critical point: ;' = 0.395GeV, T = 0.197 GeV, (1 = 0)

I Considering the phases in (T, u, ') with A, 7 # 0 is difficult
? Is there a tri-critical point, where A- and w-phases meet?
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A three dimensional impression of pion condensation

O No explicit isospin symmetry breaking term: A = 0

@ 1St-order lines in red and green @ 2"d-order transition in blue
[0 No connection of the 15t-order transition at large ;. and ! il
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